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ABSTRACT
When the shock wave generated in a supernova explosion breaks out of the stellar envelope, the
first photons, typically in the X-ray to UV range, escape to the observer. Following this breakout
emission, radiation from deeper shells diffuses out of the envelope as the supernova ejecta expands.
Previous studies have shown that the radiation throughout the planar phase (i.e., before the expanding
envelope has doubled its radius) originates in the same mass coordinate, called the ‘breakout shell’.
We derive a self-similar solution for the radiation inside the envelope, and show that this claim is
incorrect, and that the diffusion wave propagates logarithmically into the envelope (in Lagrangian
sense) rather than remaining at a fixed mass coordinate. The logarithmic correction implies that
the luminosity originates in regions where the density is ∼ 10 times higher than previously thought,
where the photon production rate is increased and helps thermalization. We show that this result has
significant implications on the observed temperature. In our model, the radiation emitted from blue
supergiant and Wolf-Rayet explosions is still expected to be out of thermal equilibrium during the
entire planar phase, but the observed temperature will decrease by two orders of magnitude, contrary
to previous estimates. Considering the conditions at the end of the planar phase, we also find how
the temperature and luminosity transition into the spherical phase.
1. INTRODUCTION
The first emission from a supernova (SN) explosion is
called the ‘shock breakout’, and marks the emergence of
a shock wave from the stellar envelope. During the ex-
plosion, a radiation dominated shock wave accelerates in
the decreasing density profile of the progenitor star. It
deposits its energy into the envelope, leaving behind it
an expanding radiation dominated gas. Once the width
of the shock becomes comparable to the distance from
the edge of the star, the photons that power the shock
wave diffuse ahead of it and the shock ”breaks out” of
the envelope (Colgate 1974; Falk 1978; Klein & Chevalier
1978; Imshennik et al. 1981; Ensman & Burrows 1992;
Matzner & McKee 1999). This breakout emission typ-
ically lasts for a few seconds, and is followed by a long
phase of photon diffusion, which produces emission that
decays slowly (Nakar & Sari 2010; Rabinak & Waxman
2011; Piro et al. 2010).
Immediately after breakout, the evolution of the ejecta
is described by planar expansion, during which the radius
of the envelope remains roughly constant. The duration
of the planar phase depends on the radius of the progeni-
tor and on the shock velocity, and typically lasts between
a few minutes in compact progenitors to hours for more
extended stars. After the radius of the SN has doubled its
size, the envelope enters the spherical phase, in which the
ejecta expands homologously. In this paper we focus on
the planar phase evolution. This phase was investigated
in very few works, including Nakar & Sari (2010) who
examined the post breakout emission for various types
of progenitors, and Piro et al. (2010) who looked at the
breakout from type Ia SNe. Both of these works as-
sumed that the diffusion wave stays at a fixed mass, im-
plying that the same material is the source of radiation
throughout the entire planar phase. They estimated that
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the breakout emission peaks somewhere between the UV
and soft γ rays, depending on the type of the progeni-
tor. As the SN ejecta expands and cools adiabatically,
the radiation is shifted to lower frequencies. Early shock
breakout emission might have been observed as an X-
ray outburst in the two cases of SN2006aj and SN2008D
(Campana et al. 2006; Soderberg et al. 2008). Later op-
tical emission suggested that both were Ib/c SNe, whose
progenitors are compact Wolf-Rayet (WR) stars (Pian
et al. 2006; Mazzali et al. 2006; Modjaz et al. 2006; Maeda
et al. 2007; Mazzali et al. 2008a; Malesani et al. 2009).
In this work we find self-similar solutions for the radi-
ation in the SN envelope. We first solve for the hydro-
dynamic profiles of the SN envelope after shock passage
and during the planar expansion, according to Sakurai
(1960). We then use these profiles as initial conditions for
the following stage of photon diffusion. This derivation
takes into account the density and shock velocity profiles
(given that they can be described as polytropes), and
is therefore expected to produce more accurate solutions
than the approximate order of magnitude models. A self-
similar solution for the radiation of type-II SNe was also
found by Chevalier (1992). However, they treated only
the spherical phase, and did not provide a solution for
the earlier planar phase.
The most important result of this paper is that through
the similarity solution, we were able to find a logarith-
mic correction to the dynamics of the planar phase, com-
pared to what was thought so far. We find the mass from
which radiation escapes to the observer at the end of the
planar phase to be an order of magnitude larger than es-
timated before. Correspondingly, the emission peaks at
lower frequencies than would have been inferred without
the logarithmic correction.
In Section 2 we describe the pre-explosion structure
of the progenitor and in Section 3 we find the planar
hydrodynamic evolution of the envelope. We treat the
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2breakout phase and find a self-similar solution for the
energy in the envelope including diffusion in Section 4.
We then provide the resulting luminosity in Section 5
and observed temperature in Sections 6. We apply the
results of this paper to various progenitors in Section 8.
2. PRE-EXPANSION HYDRODYNAMICS
The radiation-dominated shock wave that forms during
the explosion propagates through the ejecta, and accel-
erates in the decreasing density profile of the envelope.
The pre-explosion density profile of the progenitor star
near its surface, can be approximated as a power-law of
the distance from the edge of the star, R− r, namely
ρ ∝ (R− r)n , (1)
where R is the stellar radius, r is the distance from the
center of the star and n = 3/2 for radiative envelopes
while n = 3 for convective envelopes. This density pro-
file is a simplification that describes well only the outer
regions of the stellar envelope. Since in this work we fo-
cus on the first seconds to hours of the SN evolution, the
above description for the density profile serves as a good
approximation.
The hydrodynamics of shock passage through a stellar
envelope in the form of Eq (1) were treated in Sakurai
(1960) (hereafter S60). As in S60, we assume that the
shock wave is a discontinuity that reaches all the way to
the edge of the star, i.e. R− r = 0. In reality, the shock
has a certain width, and it breaks out of the envelope
when its width is comparable to the distance to the edge
of the star. However, an accurate description of the dy-
namics at breakout lies beyond the scope of this paper.
We therefore adopt the simplistic view of S60, but note
that our analysis may not describe well material lying
ahead of the breakout location.
Throughout this work, we follow the notations of S60
for the pre-explosion profile of the star. The density is
parametrized as
ρi = κ1(R− r)n, (2)
and the shock velocity is
Ushock = κ2(R− r)−µn, (3)
where µ is determined by requiring continuity at the
sonic point, while κ1 and κ2 are constants that depend
on the progenitor mass M , radius R and explosion en-
ergy E of the progenitor star. We choose the following
representation for κ1 and κ2:
κ1 = C1
M
Rn+3
κ2 = C2
(
E
M
)1/2
Rµn .
(4)
The constants C1 and C2 are dimensionless constants,
that depend on the inner structure of the progenitor star.
In Section 8 we estimate their values for different progen-
itors.
Using equations (2) and (3) we find self-similar solu-
tions for the hydrodynamic equations (equations 2–4 in
S60). We do not provide the full calculation here, but
note that the only difference from S60’s work is that we
do not consider an external gravitational force, since the
energy of the explosion is typically much larger than the
gravitational energy, i.e. GM2/R  E. For given val-
ues of n and the adiabatic index γ there is a single value
of µ that satisfies the continuity condition at the sonic
point. Since the value of µ is insensitive to n, we use
the canonical value of µ = 0.19. For further details on
the solution, we refer the reader to S60. After the pas-
sage of the shock, the ejecta gains kinetic energy and
starts to expand, while decreasing in density and inter-
nal energy. The following hydrodynamic evolution can
be divided into two temporal regimes - a planar phase,
during which the radius of the envelope is nearly con-
stant (r ' R), and a spherical phase that starts after
the envelope has roughly doubled its size, where the ra-
dius evolves homologously and satisfies r = v× t. In this
paper we treat only the planar phase and the short tran-
sition into the spherical phase, while taking into account
both adiabatic cooling and photon diffusion.
3. PLANAR HYDROSYNAMICS
The stage of expansion into vacuum was first treated
in S60. We repeat the procedure and solve the hydrody-
namic equations (equations 16–19 in S60) using the solu-
tion of the preceding stage when the shock is at r = R as
initial conditions. Here instead of the spatial Lagrangian
coordinate ‘a’ used in S60, we write the expressions in
terms of the Lagrangian mass coordinate ‘m’, which is
related to a by:
m =
∫
4piR2ρ0 da , (5)
where ρ0 is the density profile in the envelope when the
shock reaches the stellar edge. We find the self-similar
solutions for the fluid velocity v, density ρ, pressure P
and the distance from the pre-expansion stellar radius x,
during the planar expansion phase:
x(m, ξ) = x˜
(m
M
)1/(n+1)
r(ξ) (6a)
v(m, ξ) = v˜
(m
M
)−µn/(n+1)
F (ξ) (6b)
ρ(m, ξ) = ρ˜
(m
M
)n/(n+1)
H(ξ) (6c)
P (m, ξ) = P˜
(m
M
)(n−2µn)/(n+1)
G(ξ) (6d)
where we define the following normalizations:
x˜ ≡ (4piR2h(0)κ1M−1)−1/(n+1) = R [4pih(0)C1]− 1n+1
v˜ ≡ f(0)κ2x˜−µn =
(
E
M
)1/2
f(0)C2[4pih(0)C1]
µn
n+1
ρ˜ ≡ h(0)κ1x˜n = M
R3
[(4pi)−nh(0)C1]
1
n+1
P˜ ≡ g(0)
f(0)2h(0)
ρ˜ v˜2 =
E
R3
g(0)[4pih(0)]
n(2µ−1)
n+1 C22C
2µn+1
n+1
1 ,
(7)
3Table 1
Values of f(0), h(0) and g(0) for typical values of n and γ = 5/3.
n f(0) h(0) g(0)
3/2 0.72 26.98 1.26
3 0.64 53.29 1.57
and F (ξ), H(ξ), G(ξ) and r(ξ) are numerical functions of
the self-similar variable ξ, which is defined as:
ξ =
[
m(n+ 1)
4piR2h(0)κ1
](−µn−1)/(n+1)
κ2 t . (8)
The parameters h(0), g(0) and f(0) are constants that
depend on n and are found by solving the equations of
the previous stage of shock passage numerically (see S60).
Their values for n = 3 and n = 3/2 are given in Table 1.
The functions F (ξ), H(ξ), G(ξ) and r(ξ) do not have an
analytic solution on the whole range of ξ. However, they
approach a single powerlaw profile at ξ  1 (for a given
t, this would refer to the outer layers of the envelope
that have already expanded). Powerlaw fitting to the
numerical solutions of F (ξ), G(ξ), H(ξ) and r(ξ) in the
limit of ξ  1 gives:
F (ξ) = αF (9a)
H(ξ) = αHξ
−1 (9b)
G(ξ) = αGξ
−γ (9c)
r(ξ) = αrξ (9d)
where αF , αH , αG and αr are numerical parameters of
the fit, whose values are given in Table 2. Using equation
sets (6) and (9) and the expression for ξ in Eq (8), we
write the expressions for x, v, ρ and P as functions of m
and t:
x(m, t) = αrκ2 x˜
−µn
(m
M
)− µnn+1
t (10a)
v(m) = αF v˜
(m
M
)−µn/(n+1)
(10b)
ρ(m, t) =
αH
κ2
ρ˜ x˜µn+1
(m
M
)1+ µnn+1
t−1 (10c)
P (m, t) =
αG
κγ2
P˜ x˜γ(µn+1)
(m
M
)n−2µn+γ(µn+1)
n+1
t−γ
(10d)
Comparing Eq (10b) with Eq (6b), we reproduce the
known result by S60, showing that the velocity reaches
an asymptotic value, which is roughly twice the initial
velocity and is a function only of m. Furthermore, since
the radius remains approximately constant during the
planar phase and x ∝ t, the density at a fixed mass
coordinate evolves as ρ ∝ t−1. The evolution described
in equation set (10) does not start at t = 0 for every
m, since the width of a shell is effectively constant as
long as its size has not doubled. This earlier stage of
the evolution is not described by the asymptotic solution
presented in equation set (10).
We use the solutions for P and ρ in equation set (10)
n αF αH αG αr
3/2 1.9 2.2 2.9 1.5
3 1.7 1.5 1.8 1.2
Table 2
Fit parameters of F (ξ), H(ξ), G(ξ) and r(ξ) for typical values of
n and γ = 4/3
to find the evolution of the internal energy:
u(m, t) =
1
γ − 1
P
ρ
=
= 3
αG
αH
κ
−1/3
2
P˜
ρ˜
x˜
1
3 (µn+1)
(m
M
) 1−5µn
3(n+1)
t−1/3.
(11)
where we substituted γ = 4/3 for a radiation dominated
gas. In the internal regions, diffusion is negligible and the
internal energy changes only due to adiabatic cooling.
4. DIFFUSION DURING THE PLANAR PHASE
For the purpose of describing the diffusion of radiation
inside the SN ejecta, it is useful to treat the envelope as a
series of successive shells, where inside each shell the hy-
drodynamic properties, such as the density, velocity and
radius do not vary a lot. Each shell is assigned a mass m,
corresponding to that defined in Eq (5), which is roughly
the integrated mass measured from the edge of the stellar
envelope down to the internal radius of the shell. Accord-
ing to this definition, the more massive the shell is, the
more internal is its position inside the envelope. Each
shell has a characteristic width d = d0 + vt, where d0 is
its pre-explosion width. The planar self-similar dynam-
ics for each shell starts once its width has doubled, such
that d ∼ x ∼ vt d0
In the previous section we found an expression for the
internal energy when photon diffusion is negligible. In
this section we find the energy profile that forms due to
diffusion of photons through the ejecta, and by that com-
pute the observed bolometric luminosity. We begin with
an order of magnitude derivation of the luminosity shell,
which is the source of the escaping photons, and then
solve the equation that describes the energy evolution
inside the envelope, to find an accurate self-similar solu-
tion for the energy and the post breakout shock cooling
emission.
4.1. The breakout and luminosity shells
In the early stages after shock passage, the density and
temperatures inside the envelope are very high and the
matter is opaque to radiation. Since the temperatures
are higher than ∼ 1 eV, the gas is fully ionized, and
the dominant opacity source is Thomson scattering. The
diffusion time through the envelope therefore depends
only on the mass of the shell and its width d:
tdiff = 3κT
m
4piR2
d
c
, (12)
where κT is Thomson opacity and m is the mass of the
shell. A photon originating in a shell of mass m will be
able to escape the envelope when the diffusion time from
4that shell is equal to its dynamical time, namely
tdyn = tdiff , (13)
where tdyn = t. Eq (13) is equivalent to the condition
τ = c/v, where τ is the optical depth and c is the speed of
light. The shell that satisfies this condition is called the
‘breakout shell’, and the time it takes photons to diffuse
out of the bottom of that shell before expansion is the
breakout time, tbo. The properties of the breakout shell
are denoted by the subscript bo.
Using Eq (12) and the solutions for ρ and x in equation
set (10) (and setting d ∼ x), we find the expression for
the mass of the breakout shell:
mbo = M
(
3κM
4piR2c
αrκ2x˜
−µn
) n+1
µn−n−1
(14)
The breakout time is evaluated as the initial dynamical
time of the breakout shell, namely tbo = d0,bo/vbo, where
d0(m) = x˜
(m
M
) 1
n+1
(15)
is the initial width of a shell of mass m before expansion
and vbo is the velocity of the breakout shell before the
planar acceleration. Using equations (10b), (14) and (15)
we find the expression for the breakout time:
tbo = x˜
1−µn(1+µn)µn−n−1
(
3κM
4piR2c
κ2αr
) 1+µn
µn−n−1
(16)
The properties of the breakout shell at tbo can be found
by substituting the mass of the breakout shell in Eq (14)
into equation set (10). The typical breakout properties
for Red Supergiant (RSG), Blue Supergiant (BSG) and
Wolf-Rayet (WR) explosions are given in Appendix A.
At later times, the shell out of which the observed
photons originate is called the ”luminosity shell” and
its properties are denoted by the subscript ls. The lu-
minosity of a SN at time t is dominated by the energy
stored in the luminosity shell. External to the luminosity
shell, at m < mls, the luminosity is constant. Equations
(12) and (13) imply that the optical depth of each shell
is constant in time during the planar phase. Therefore,
there is only one shell that satisfies τ = c/v and naively,
the breakout shell should serve as the luminosity shell
throughout the entire planar phase. Although this is the
picture that was accepted until now (Nakar & Sari 2010,
hereafter NS10), it can be contradicted with simple ar-
guments. Given that the duration of the planar phase
is much longer than the dynamical time of the breakout
shell at breakout, the time will double itself many times
until the beginning of the spherical phase, such that at
some point the breakout shell will have lost roughly all of
its energy, and photons from innermore shells will be able
to diffuse out of the envelope. The luminosity shell will
thus recede, though slowly, and expose deeper regions of
the outflow. To estimate the correction to the mass of
the luminosity shell, consider a shell of mass m that is
internal to mbo, such that tdyn(m) < tdiff(m). A frac-
tion of the energy in that shell is able to escape, and the
energy that remains in it at time t can be approximated
as:
E(t) ≈ E0
(
1− tdyn(m)
tdiff(m)
)log ( t
d0(m)/v(m)
)
, (17)
where E0 is the initial internal energy in the shell and
log
(
t
d0(m)/v(m)
)
counts the number of dynamical times
that have passed for that shell, since the beginning of
expansion. The shell out of which photons effectively
diffuse out, namely the luminosity shell, can be defined
as the shell that satisfies E(t)/E0 ∼ 0.5. Solving Eq
(17) for this condition with tdyn/tdiff  1 we find an
approximate expression for the mass of the luminosity
shell:
mls ≈ mbo
[
2·log
(
t
d0(m)/v(m)
)](n+1)/(n+1−µn)
. (18)
The luminosity shell satisfies t < tdiff, but is nevertheless
the shell out of which photons diffuse out to the observer.
In the next section, we derive a more rigorous and ac-
curate expression for mls that agrees with the scaling in
Eq (18).
4.2. Self-Similar Solution for the radiation
The equation that describes the evolution of the spe-
cific energy is:
∂u
∂t
= − ∂
∂m
(4pir2F)− u
3t
, (19)
where
F = D∂(u · ρ)
∂x
(20)
is the flux and D = c/3κρ is the diffusion coefficient. Eq
(19) can be solved with a self-similar solution. We want
to transform u and m into new variables, such that the
dependence on t is eliminated from the equation and it
becomes an ordinary differential equation (ODE). In this
problem the luminosity shell serves as the self-similar co-
ordinate, since it is the location from which photons effec-
tively diffuse out, and the specific energy profile changes
from an inner adiabatic profile to an outer diffusive pro-
file. Eq (18) is an estimate for the mass of the luminosity
shell. A more formal definition is obtained by determin-
ing the correct transformation of the variable m. We
represent the luminosity shell as an unknown function of
the time, mls = F (t), and define new variables by nor-
malizing m and u to the mass and the adiabatic energy
of the luminosity shell, respectively:
m˜ ≡ m
F (t)
u˜ ≡ u
ubo
[
F (t)/mbo
] 1−5µn
3(n+1)
(
t
tbo
)−1/3 . (21)
Plugging the new variables into Eq (19), it can be shown
that in order to transform Eq (19) into an ODE, F (t)
needs to satisfy:
F ′(t) ·
[
F (t)
]−µn/(n+1)
∝ t−1 (22)
5with the initial condition F (t = tbo) = mbo. The two
conditions above give the solution for F (t):
mls(t) = F (t) = mbo
[
1 + log(t/tbo)
](n+1)/(n+1−µn)
,
(23)
We note that although radiation leaks out of deeper
shells, only the breakout shell satisfies t = tdiff.
In the problem we are solving, the pre-diffusion profiles
are represented by power laws as evaluated in equation
set (10), which imply unphysical infinite values at x = 0.
In this representation, according to Eq (23) the first shell
out of which energy leaks is located at m = 0, which is
satisfied when t = tbo/e. Therefore, between the time
the first photons started leaking out of the envelope and
t = tbo, the time has only roughly doubled itself. The
considered power law profiles are obviously not realistic
close to x = 0, and serve as a good description of the
real SN envelope only at small values of m or large t (i.e.
ξ  1).
With the corrected expression for mls, we perform the
following variable transformation:
m˜ ≡ m
mbo
[
1 + log(t/tbo)
] n+1
n+1−µn
(24a)
u˜ ≡ u
ubo
[
1 + log(t/tbo)
] 1−5µn
3(n+1−µn)
(
t
tbo
)−1/3 , (24b)
and obtain the self-similar form of Eq (19):
d2u˜
dm˜2
m˜1+µn/(n+1)
n+ 1
µn
+
du˜
dm˜
[
2
n+ 1
µn
(
1 +
µn
n+ 1
)
m˜µn/(n+1) + m˜
n+ 1
n+ 1− µn
]
+
u˜
[(
1 +
µn
n+ 1
)
m˜µn/(n+1)−1 − 1− 5µn
3(n+ 1− µn)
]
= 0 .
(25)
This equation can be solved analytically in the limits of
m˜  1 and m˜  1 by substituting a general power law
solution of the form u˜ = Am˜δ. We find:
u˜ =

m˜(1−5µn)/3(n+1) , m˜ 1
Am˜−µn/(n+1) , m˜ 1
(26)
where A is a numerical constant that is found by solv-
ing Eq (25) numerically. The solution for u in the limit
m  mlum is known accurately from Eq (11) since it is
purely adiabatic, and we use it as a boundary condition
at m˜  1. Fitting the numerical solution for Am˜δ in
the limits m˜  1 and m˜  1, we find that A = 1.17
for n = 3/2, and A = 0.97 for n = 3. In Figure 1 we
plot the numerical solution for n = 3/2, and the analytic
approximations at m˜ 1 and m˜ 1.
Using equations (24) and (26) we write the solution for
10 -4 10 0 10 3 10 5 10 8
10 0
Figure 1. The self-similar solution of Eq (25) for the case of
n = 3/2. The black curve is the numerical solution, while the
dashed lines are the analytic solutions for m˜ 1 (red) and m˜ 1
(green), according to Eq (26).
u in the external parts of the ejecta:
u(m mls) =Aubo
(
m
mbo
)− µnn+1 [
1 + log(t/tbo)
] 1−2µn
3(n+1−µn)
×
(
t
tbo
)−1/3
.
(27)
The solution at m˜  1 is then used to compute the
bolometric luminosity of the SN.
5. THE BOLOMETRIC LUMINOSITY
5.1. Planar phase luminosity
The bolometric luminosity during the planar phase is
computed according to
L = 4piR2F , (28)
where F was defined in Eq (20). Using the self-similar
solution for u(m  mls) in Eq (27) together with the
expression for ρ in Eq (10c) we can express the luminosity
as:
L = A
ubombo
tbo
(
n+ 1
µn
)
[1 + log(t/tbo)]
1−2µn
3(n+1−µn)
×
(
t
tbo
)−4/3
∝
t
−4/3[1 + log(t/tbo)]0.06 , n = 3/2
t−4/3[1 + log(t/tbo)]−0.01 , n = 3 .
(29)
The factor [1 + log(t/tbo)]
1−2µn
3(n+1−µn) can thus either slow
down or accelerate the decrease of the luminosity, de-
pending on the value of n. However, the power of the
logarithmic correction is very small, and does not have
a noticeable effect on the observed luminosity of typi-
cal SN events. The reason for the weak response of the
luminosity to the significant increase in mls is the flat
profile of the internal luminosity in the adiabatic part of
the envelope (denoted Lint(m), the energy per unit time
that crosses a shell inside the SN envelope). Using the
6expression for the adiabatic evolution of u in Eq (11) we
can write the profile of the internal luminosity in shells
deeper than the luminosity shell:
Lint(m) ≈ u(mls < m) ·m
tdiff
∝ t−4/3m 1−2µn3(n+1) . (30)
For n = 3/2 the power of m is ∼ 0.06 and for n = 3 it is
−0.01, implying that the spatial profile of the luminosity
is rather flat. Therefore, the increase in mls can have
only a scarce effect on the luminosity.
5.2. Planar-Spherical Transition
The planar phase ends when the ejecta radius has
roughly doubled itself. The dynamics then transition
into the spherical phase, where the SN radius is no longer
constant, but evolves homologously as r ∼ v × t. Since
the ejecta velocity is a function only of the mass (Eq
10b), lower mass shells enter the spherical phase earlier
than more massive, internal shells. The spherical time of
each shell can be approximated as follows:
tspherical(m) ≈ R
v(m)
= ts
(
m
mbo
)µn/(n+1)
, (31)
where we define ts ≡ R/vbo as the time the breakout
shell enters the spherical phase.
At ts, the luminosity shell has reached a mass that is
several times greater than mbo. We denote this mass
coordinate as mpl, and express it using Eq (23):
mpl ≡ mls(ts) = mbo
[
1 + log(ts/tbo)
] n+1
n+1−µn ≈ 10 mbo .
(32)
Since a shell’s radius starts increasing at R/v(m) < t, the
optical depth of a shell of mass m is no longer constant,
and the shell that satisfies τ = c/v recedes inwards from
the breakout shell, while initially it is shallower than mpl.
Naively, this means that photons diffuse out of shells
that have already radiated away their energy during the
planar phase. However, since the time has doubled it-
self many times since the begining of expansion, photons
from inner shells were able to diffuse out and re-fill the
shells external to mpl, forming a diffusive energy profile.
This is exactly the source of the logarithmic correction
to mls.
At t . ts, shells internal to mpl evolve adiabatically,
and no radiation diffuses from the inside, until mls =
mpl. This is true since during the transition phase, the
time has not doubled itself enough times to allow for
radiation from internal regions to diffuse out, and the
energy profile at mpl < m is roughly constant.
The shell that was the luminosity shell at ts remains
so until it satisfies τ = c/v, since it is the source of the
observed luminosity. Afterwards, the luminosity shell is
located where τ = c/v. As a result, before the radiation
enters the ‘nominal’ spherical phase, it first goes through
a transition phase, during which the luminosity is gov-
erned by the energy that diffused out of the luminosity
shell at ts. In Figure 2 we compare the luminosity shell
defined in this work to the previously perceived ‘naive’
luminosity shell, which is located at m(τ = c/v) through-
out the evolution.
In order to find the bolometric luminosity during the
transition phase, we first find the expressions for the rele-
vant hydrodynamic properties during their spherical evo-
lution.
The radii of the shells within the spherical phase follow
a homologous expansion, and have the following depen-
dence on m and t:
r(m, t) ≈ v(m) · t = vbo · t
(
m
mbo
)−µn/(n+1)
(33)
The evolution of r together with conservation of mass
imply that the density of a shell drops as ρ ∝ t−3 starting
at R/v(m):
ρ(m) = ρ(m, t = R/v(m))
(
t
R/v(m)
)−3
= ρbo
(
m
mbo
)1+3µn/(n+1)(
ts
tbo
)−1(
t
ts
)−3
.
(34)
With the above expressions for ρ and r, we can estimate
the mass of the shell that satisfies τ = c/v during the
spherical phase by requiring that tdiff = tdyn. The dif-
fusion time during the spherical phase can be written
as
tdiff ≈ 3κT m
4pirc
(35)
and therefore
m(τ = c/v) = mbo
(
t
ts
) 2(n+1)
n+1+µn
. (36)
The specific energy density at mpl < m can be found us-
ing the solutions for u and ρ at t = R/v(m) in equations
(10c) and (11), and the expression for ρ in the spherical
phase in Eq (34):
u(mpl < m) =
= u(mpl < m, t = R/v(m))
[
ρ(m, t)
ρ(m, t = R/v(m))
]γ−1
= ubo(ts)
(
m
mpl
) 1−3µn
3(n+1)
(
t
ts
)−1[
1 + log(ts/tbo)
] 1−3µn
3(n+1−µn)
(37)
The specific energy profile at m < mpl was formed by
diffusion at the end of the planar phase. Using Eq (27),
we find:
u(m < mpl)
= u(m < mpl, t = R/v(m))
[
ρ(m, t)
ρ(m, t = R/v(m))
]γ−1
= ubo(ts)
(
m
mbo
)− µn
3(n+1)
(
t
ts
)−1[
1 + log(ts/tbo)
] 1−2µn
3(n+1−µn)
(38)
The luminosity in the transition phase can be approxi-
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Figure 2. The luminosity shell including the logarithmic cor-
rection for n = 3/2 (solid blue line) and the naive luminosity
shell, which satisfies τ = c/v throughout the evolution (black dash-
dotted line). The luminosity shell grows logarithmically with time
until it enters the transition phase at ts = R/vbo. It then remains
constant until it satisfies τ = c/v and enters the fully spherical
phase. At the end of the planar phase, mls ∼ 10mbo.
mated using equations (36) and (38):
L(t) ≈u(τ = c/v) ·m(τ = c/v)
t
=
ubombo
ts
(
ts
tbo
)−1/3(
t
ts
)− 8µn
3(n+1−µn)
.
(39)
At τ < c/v, the specfic energy profile is formed by photon
diffusion and is given by u = Lτ/4pir2cρ, where τ ≈
3κTm/4pir
2. Using equations (10c), (33) and (39) we
have:
u(τ < c/v) = ubo(ts)
(
m
mbo
)1+ 4µnn+1( t
ts
)−4− 8µn
3(µn+n+1)
.
(40)
The transition to the spherical phase starts at ts and
ends when m(τ = c/v) = mpl. This time is denoted as
ttr, and is estimated using equations (32) and (36):
ttr = ts [1 + log(ts/tbo)]
n+1+µn
2(n+1−µn) ≈ 3 ts . (41)
Past ttr, the dynamics of the radiation are fully spherical,
and have been treated in several previous works (NS10,
Rabinak & Waxman 2011).
6. THE OBSERVED TEMPERATURE
As implied from Eq (29), the luminosity is only mildly
affected by the logarithmic correction to mls during the
planar phase. Nevertheless, the increase in mls means
that the radiation originates in regions of higher optical
depth and higher density, where the ability of the radi-
ation to thermalize with the gas is significantly better
than in the breakout shell. This will have a non negligi-
ble effect on the observed temperature.
Throughout this chapter, we use the method and ter-
minology of NS10 to estimate the observed tempeature
of the SN. Instead of assuming thermal equilibrium, they
take into account the thermal coupling between the radi-
ation and gas. The photon-electron coupling is achieved
via several physical processes: free-free, bound-bound,
bound-free emission and absorption, and also Compton
and inverse Compton scattering. At the high temper-
ature conditions that prevail during the planar phase,
most of the hydrogen atoms are ionized (T  1 eV), such
that bound-bound and bound-free absorption opacities
are negligible compared to that of free-free. We thus take
free-free absorption and emission as the dominant pho-
ton production processes, which can be complemented
by Compton upscattering of lower energy photons. Dur-
ing the thermalization process, radiation with an initial
temperature of T > TBB (where TBB is its blackbody
temperature) cools by sharing its energy with other pho-
tons, via emission and absorption from electrons. In or-
der for a shell to achieve thermal equilibrium, it needs
to produce the following number of photons of energy
3kTBB:
nBB ≈ aT
4
BB
3kTBB
. (42)
where k is Boltzmann’s constant, a is the radiation con-
stant, and the blackbody temperature can be expressed
as
TBB =
(u · ρ
a
)1/4
. (43)
In order to determine whether a certain shell is capable
of achieving thermal equilibrium, we use the following
definition for the thermal coupling coefficient:
η ≡ nBB
min{t, tdiff}n˙(TBB) (44)
where n˙(TBB) is the production rate of photons of energy
3kTBB, and min{t, tdiff} is the time a photon spends in
the shell, and is equal to tdiff for shells satisfying m <
mbo and to t for shells with m > mbo during the planar
phase. The dominant process for photon production is
considered to be free-free emission, for which n˙(TBB) in
Eq (44) is the free-free photon production rate:
n˙ph,ff = 3.5× 1036s−1cm−3ρ2T−1/2BB , (45)
for which Eq (44) becomes
ηff =
7× 105s
min{t, tdiff}
(
ρ
10−10g cm−3
)−2(
kTBB
100eV
)7/2
.
(46)
If photon production is the only process that thermal-
izes the radiation, η < 1 is the condition for thermal
equilibrium in a shell. However, the definition of η in
Eq (44) does not take into account the effect of inverse
Compton scattering. Photons that were created with
an energy hν < 3kT can contribute to thermalization if
they are Compton upscattered to hν ∼ 3kT , where h
is Planck’s constant. The lowest energy photon that can
contribute to the spectrum at 3kT is limited by two main
processes: free-free self-absorption and photon diffusion
out of the shell. Free-free self-absorption causes the num-
ber of available photons for Comptonization to decrease
by a factor of ν2. The self-absorption frequency, νsa is
found by equating the RJ energy density to the energy
density produced by free-free emission (which depends
8on the time a photon spends in a shell), and is equal to
hνsa ≈10 eV g1/2ff
(
n
1015 cm−3
)2 (
T
100 eV
)−3/4
×
(
min{t, tdiff}
1 s
)1/2
,
(47)
where we used the fact that at the RJ tail hν  kT . On
the other hand, another limit comes from the fact that
scattered photons must interact with the electrons a suf-
ficient amount of times to reach an energy of 3kT before
escaping the shell by diffusion. The minimal frequency
that satisfies this requirement is
hνdiff = kT exp
{
− kT
mec2
τc
v
}
. (48)
The lowest energy that can be Comptonized, hνmin, is
then determined by
hνmin = max{hνdiff, hνsa} . (49)
The Comptonization parameter, ξ(T ), is the ratio of
photons at energy 3kT created by Comptonization, rel-
ative to free-free processes:
ξ(T ) ≈ max{1, 1 + 0.5 · log(ymax)(1.5 + log(ymax)} (50)
where
ymax ≡ kT
hνmin
. (51)
Note that ξ is an implicit function of T . Furthermore,
the logarithmic dependence of ξ on ymax resolves the ex-
ponential sensitivity of hνdiff.
A shell in which η/ξ < 1 implies that the radiation has
had enough time to thermalize with the gas during the
available interaction time, and has achieved a tempera-
ture of TBB. However, when η/ξ > 1, the shell did not
manage to generate enough photons with an energy of
3kTBB and did not reach thermal equilibrium. It can be
shown that η is an increasing function of r, and there-
fore if a certain shell is out of thermal equilibrium, so
are all of the shells external to it. This implies that the
outermost shell that is able to achieve thermal equilib-
rium satisfies η/ξ = 1. This shell is termed the ‘colour
shell’, and its location is more commonly known as the
‘thermalization depth’. External to the colour shell, the
gas can no longer modify the energy of the radiaion, and
from that point the observed temperature is constant and
satisfies Tcl = TBB(η/ξ = 1).
If the luminosity shell is out of thermal equilibrium,
it is the only shell that affects the observed tempera-
ture since the energy of the photons cannot be changed
as they propagate outwards. The observed temperature
will thus be the typical energy of the photons in the lu-
minosity shell:
Tobs =

η2ls
ξ2ls
TBB,ls , ηls/ξls > 1
TBB(η = 1) , ηls/ξls < 1 .
(52)
The observed emission from a SN can be in or out of
thermal equilibrium, depending on the progenitor prop-
erties. High energy explosions in compact stars tend to
be out of thermal equilibrium. In the following subsec-
tions we find the evolution of Tobs as a function of time
in the planar and transition phases, for both cases.
6.1. Tobs during the planar phase
The observed temperature during the planar phase is
determined by the ability of the radiation to thermalize
at m ≤ mls. We assume here that thermalization occurs
at mbo < m ≤ mls, such that the available time for
thermalization in a shell is t. The dependence of η on m
and t is found using equations (10c), (27), (43) and (46):
η(mbo < m < mls) = ηbo(tbo)
(
t
tbo
)−1/6
×
(
m
mbo
)− 16µn+9n+9
8(n+1)
[1 + log(t/tbo)]
7(2µn−1)
24(µn−n−1)
(53)
Whether the observed radiation is thermalized depends
on the values of η and ξ in the luminosity shell. The
expression for ηls is found by substituting the solution
for mls from Eq (23) into Eq (53):
ηls(t) = η(tbo)
(
t
tbo
)−1/6
[1 + log(t/tbo)]
− 20+27n+62µn
24(n+1−µn)
∝
t
−1/6[1 + log(t/tbo)]−1.47 , n = 3/2
t−1/6 [1 + log(t/tbo)]−1.66 , n = 3 .
(54)
The thermal coupling of the luminosity shell thus signifi-
cantly improves owing to the logarithmic increase of mls.
The luminosity shell probes regions of higher density (by
the end of the planar phase, the density of the luminos-
ity shell is ∼ 10 times higher than in the breakout shell),
where the photon production rate increases accordingly
as n˙ ∝ ρ2 (Eq 45).
Since ξ is an implicit function of T , the value of ξls is
ought to be computed numerically. Using equations (50)
and (54) we can determine whether the observed radition
is in thermal equilibrium or not, which will define the
nature of the solution according to Eq (52).
6.1.1. Tobs during the planar phase for ηls/ξls > 1
If ηls/ξls > 1, the luminosity shell, and all shells exter-
nal to it are out of thermal equilibrium. According to
equations (52) and (54), when the luminosity shell is out
of thermal equilibrium Tobs behaves as
Tobs(ηls/ξls > 1) =
TBB,bo(tbo)
ξls(T )
2
ξls(Tbo)2
(
t
tbo
)−2/3
[1 + log(t/tbo)]
16µn+6n+4
3(µn−n−1)
∝

ξls(T )
−2 t−2/3[1 + log(t/tbo)]−2.64, n = 3/2
ξls(T )
−2 t−2/3[1 + log(t/tbo)]−3.02, n = 3 ,
(55)
9where Tbo is the observed temerature at breakout. The
solution of Tobs is obtained by solving the implicit Eq
(55) using the expression for ξ(T ) in Eq (50). Contrary
to Lbol, the dependence of Tobs on the logarithmic factor
is not negligible, and the radiation approaches thermal
equilibrium faster than previously thought. Equilibrium
is achieved once Tobs = TBB,ls.
The expression for Tobs derived in Eq (55) is valid only
while T < 50KeV. Above that temperature, relativis-
tic effects such as pair production start being important
(Weaver 1976; Svensson 1984). In that case, pair produc-
tion will lead to a lower temperature than what Eq (52)
predicts. Therefore, if Eq (55) results in temperatures
higher than 50KeV, it is not correct and the tempera-
ture should be computed using relativistic shock break-
out models (Nakar & Sari 2012; Budnik et al. 2010).
6.1.2. Tobs during the planar phase for ηls/ξls < 1
When the luminosity shell is in thermal equilibrium,
i.e. ηls/ξls < 1, the observed temperature is determined
in the colour shell, which satisfies η = 1 (throughout
this paper we assume that the colour temperature is low
enough such that Compton scattering is not impotant in
the colour shell, and ξcl ∼ 1). Assuming that the colour
shell is external to the luminosity shell but internal to
the breakout shell, t < tdiff in the colour shell and t is
the available time for the radiation to thermalize. Using
Eq (53), we find the mass of the colour shell by solving
η = 1:
mcl =mbo
[
ηbo(tbo)
] 8(n+1)
16µn+9n+9
(
t
tbo
) 4(n+1)
3(16µn+9n+9)
×
[
1 + log(t/tbo)
]α
∝

t−0.12[1 + log(t/tbo)]0.04, n = 3/2
t−0.12[1 + log(t/tbo)]−0.01, n = 3
(56)
where
α =
7(n+ 1)(2µn− 1)
3(µn− n− 1)(16µn+ 9n+ 9) . (57)
The colour temperature is the blackbody temperature of
the colour shell. We thus use equations (10c) , (27), (43)
and (56) to find Tcl:
Tcl =TBB(mbo, tbo)
( t
tbo
)− 2(8µn+5n+5)
3(16µn+9n+9)
[1 + log(t/tbo)]
β
∝

t−0.36[1 + log(t/tbo)]0.03, n = 3/2
t−0.36[1 + log(t/tbo)]−0.01, n = 3
(58)
where
β =
4(µn+ n+ 1)(2µn− 1)
3(µn− n− 1)(16µn+ 9n+ 9) . (59)
When the radiation is in thermal equilibrium , the log-
arithmic correction is negligible. The reason for that is
that in equilibrium, Tcl can be expressed as:
Tcl =
(
τclL
4pir2clac
)1/4
. (60)
As we saw, L and mcl depend very weakly on the loga-
rithmic correction, and therefore so do τcl, rcl and as a
result also Tcl.
6.2. Tobs during the transition to the spherical phase
Once the breakout shell enters the spherical phase
at ts = R/vbo, the energy in the envelope has an in-
ner adiabatic profile (m > mpl) and an outer diffusive
profile (m < mpl). At ts < t, the shell that satisfies
τ = c/v, which is initially located at mbo, starts propa-
gating through the external diffusive profile and increases
in mass.
As explained in Section 5.2, the transition to the spher-
ical phase starts at ts and ends when τ = c/v reachesmpl.
At the end of the transition phase, the ejecta has no rec-
ollection of what happened in the planar phase, in the
sense that the increase of mls during the planar phase
does not affect the temperature at ttr < t. Nevertheless,
the logarithmic correction to mls in the planar phase has
an effect on the temperature of the transition phase, both
when the radiation was thermalized at ts, and when it
was not. We treat these two scenarios in the following
subsections.
6.2.1. Tobs during the transition phase for ηls(ts)/ξls(ts) > 1
We first consider the case in which the luminosity shell
is out of thermal equilibrium at ts. As demonstrated by
Eq (53), during the planar phase, the thermal coupling
increases with time, as the value of η decreases for a given
m. During the spherical phase, however, the thermal
coupling of a shell becomes weaker, as we show next.
The evolution of η is found using equations (34), (38),
(37), (43) and Eq (46):
η(m) =
ηbo(tbo)
(
ts
tbo
)−1/6(
t
ts
)3/2(
m
mbo
)− 98− 11µn3(n+1)
,m(τ = c/v) < m < mpl
η(mpl, ts,pl)
(
t
ts,pl
)3/2(
m
mpl
)− 102µn+27n+20
24(n+1)
, mpl < m
(61)
where ts,pl = R/v(mpl) and we neglected for simplicity
the weak dependence on the logarithmic factor.
Eq (61) shows that η increases with time, and therefore
receives its minimal value at t = R/v(m), which is the
time a shell of mass m enters the spherical phase. Con-
sequently, shells that were out of themral equilibrium at
the end of the planar phase remain so during the spher-
ical phase.
The number of photons in a shell in which η > 1 during
the spherical phase is determined by the minimal value
of η in Eq (53), namely:
ηmin(m) = η(m, t = R/v(m)) =
ηbo(tbo)
(
ts
tbo
)−1/6(
m
mbo
)− 52µn+27n+27
24(n+1)
,
(62)
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again, neglecting the weak dependence on the logarith-
mic correction for simplicity. In the diffusive energy pro-
file at m < mpl, the radiation in each coordinate m has
the same characteristic energy (only reduced by adia-
batic cooling), and is the typical photon temperature
that resided in the shell of mass mpl at ts. As the break-
out shell enters the spherical phase, the shell that now
satisfies τ = c/v starts propagating inwards in the ex-
ternal energy profile. All shells external to mpl are also
out of thermal equilibrium, since they were so at the end
of the planar phase and now their thermal coupling only
becomes weaker. Therefore, the shell in which τ = c/v is
out of thermal equilibrium and does not generate its own
photons. It merely releases the energy that had reached
there by diffusion from inner shells during the planar
phase. The temperature of each shell is thus the tem-
perature of the luminosity shell at ts, which has evolved
adiabatically:
T (m < mpl, ts < t < ttr)
= Tobs(ts)
(
R/v(m)
ts
)−1/3(
t
R/v(m)
)−1
= TBB,ls(ts)
ηls(ts)
2
ξls(Ts)2
(
m
mbo
) 2µn
3(n+1)
(
t
ts
)−1
,
(63)
where Ts ≡ Tobs(ts). The observed temperature is de-
termined by the photons that diffuse out of τ = c/v.
Sustituting Eq (36) into Eq (63) we find:
Tobs(ts < t < ttr) = TBB,ls(ts)
ηls(ts)
2
ξls(Ts)2
(
t
ts
)−1+ 4µn
3(µn+n+1)
.
(64)
At ttr, the luminosity shell starts probing shells in which
the temperature profile is not constant as before. The
luminosity shell might still be out of thermal equilib-
rium if ηmin(mpl)/ξ(mpl) > 1. In that case, the observed
temperature will drop quickly, until the luminosity shell
reaches the shell that satisfies ηmin = 1, which was in
thermal equilibrium when it entered the spherical phase.
The time when this occurs is denoted by t1 :
t1 = ts
[
ηbo(tbo)
(
tbo
ts
)1/6] 12(µn+n+1)66µn+27n+20
. (65)
At ttr < t < t1, the temperature evolves according to:
Tobs(ttr < t < t1) =
η2min,ls
ξ2ls
TBB,ls
= TBB,ls(ttr)
η2min,ls(ttr)
ξ2ls(Ttr)
ξ−2ls
(
t
ttr
)− 11+15n+33µn
3(µn+n+1)
,
(66)
where Ttr ≡ Tobs(ttr). Since thermal coupling is kept
through adiabatic cooling when the energy is radiation
dominated, the observed radiation will go into thermal
equilibrium at t1. ξls decreases with temperature, and
therefore Tobs will not behave as a simple power law,
and also in this phase the evoluion of Tobs is computed
numerically.
At t1 < t, the observed radiation is in thermal equi-
librium, and Tobs is simply the blackbody temperature
of the luminosity shell, computed using equations (34),
(36), (37) and (43):
Tobs(t1 < t < t2) = Tobs(t1)
(
t
t1
)− 2+3n
6(µn+n+1)
(67)
where t2 is the time where ηls = 1 and the observed tem-
perature from that point is determined in the shell that
satisfies η = 1. NS10 have found the colour tempera-
ture to evolve roughly as Tcl ∝ t−0.6 at t2 < t, where
the exact value depends on the chioce of n. ηls is found
by substituting Eq (36) into Eq (61) for mpl < m, and
requiring that ηls = 1, we find an expression for t2:
t2 = ttrη(mpl, ttr)
12(µn+n+1)
84µn+9n+2 . (68)
6.2.2. Tobs during the transition phase for ηls(ts)/ξls(ts) < 1
If the luminosity shell is in thermal equilibrium at the
end of the planar phase, then all shells with m < mcl(ts)
have the same temperature at ts, namely the colour tem-
perature. As the shell in which τ = c/v propagates in
m < mcl(ts), the observed temperature is the adiabat-
ically cooling colour temperature at ts. It is impotrant
to note that although the luminosity shell is in thermal
equilibrium, the energy release is controlled by the shell
that satisfies τ = c/v which is not necessarily in thermal
equilibrium. Therefore, if mbo < mcl < mpl, initially the
radiation is out of thermal equilibrium.
Internal to mcl(ts), all shells are in thermal equilib-
rium at t = ts, and their temperature is their blackbody
temperature, TBB(m). Since thermal equilibrium is kept
through adiabatic cooling, the temperature of these shells
continues to be their blackbody temperature. We denote
the time when m(τ = c/v) = mcl(ts) by tc:
tc = ts
(
mcl(ts)
mbo
)µn+n+1
2(n+1)
. (69)
The typical temperature of a shell is:
T (m) =

Tcl(ts)
(
R/v(m)
ts
)−1/3(
t
R/v(m)
)−1
,m < mcl(ts)
TBB(ts)
(
R/v(m)
ts
)−1/3(
t
R/v(m)
)−1
,mcl(ts) < m
(70)
As before, the observed temperature is determined by
location of τ = c/v:
Tobs = T (τ = c/v) =
Tcl(ts)
(
t
ts
)−1+ 4µn
3(µn+n+1)
, ts < t < tc
Tcl(ts)
(
tc
ts
)−1+ 4µn
3(µn+n+1)
(
t
tc
) 6µn−3n−3
6(µn+n+1)
, tc < t < t2,d
(71)
The temporal evolution for ts < t < tc is the same as
that in Eq (64), since it is simply an adiabatic evoluion
of a single temperature.
For some progenitor properties the shell where τ = c/v
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can reach η = 1 while still in the transition phase, i.e.,
whilembo < m(τ = c/v) < mpl. We call this time t2,d, to
differ it from t2 in Eq (68) (which occurs if the luminos-
ity shell reaches η = 1 during the spherical phase, while
propagating at mpl < m). Starting t2,d, the luminosity
shell generates enough photons to reach thermal equilib-
rium, and the observed temperature is Tcl = TBB(η = 1).
The time t2,d is found by substituting m(τ = c/v) (Eq
36) into Eq (61) for m(τ = c/v) < m < mpl to find
η(τ = c/v) and requiring η(τ = c/v) = 1 :
t2,d = ts
[
ηbo(tbo)
( tbo
ts
)1/6] 12(µn+n+1)84µn+9n+2
(72)
Using the specific energy profile at τ < c/v given by Eq
(40), we find the evolution of η at m < m(τ = c/v)
η(m < m(τ = c/v))
= ηbo(tbo)
(
ts
tbo
)−1/6(
m
mbo
)− 178 − 7µn2(n+1)( t
ts
) 7
2− 7µn3(µn+n+1)
(73)
(again, neglecting the weak dependence on the logarith-
mic correction). The mass of the colour shell is found by
requiring η = 1 and using the solution in Eq (73):
mcl =mbo
[
ηbo(tbo)
(
ts
tbo
)−1/6] 28µn+17(n+1)
8(n+1)
×
(
t
ts
) 28(n+1)(µn+3n+3)
3(µn+n+1)(28µn+17n+17)
.
(74)
The colour temperature during the transition phase is
therefore:
Tcl = Tobs(t2,d)
(
t
t2,d
)χ
, (75)
where
χ = −2(15 + 30n+ 39µn) + n
2(15 + 39µ+ 56µ2)
3(µn+ n+ 1)(28µn+ 17n+ 17)
≈ −0.60
(76)
for both µ = 0.19, n = 3/2 and µ = 0.19, n = 3.
7. LIGHT TRAVEL TIME EFFECTS
In a spherical explosion, radiation emitted from differ-
ent parts of the progenitor surface arrives at the observer
at different times. Due to this effect, the observed radi-
ation at time t will be a mix of light emitted at different
times, and thus at different intensities. This effect is im-
portant if tbo < R/c and affects the observed radiation
at t < R/c. The apparent luminosity, Lltt, is calculated
using the following integral:
Lltt(t) =
∫ R
max{0,R−ct}
L(t′)
r
R2
dr
=
∫ t
max{0,t−R/c}
L(t′)
R/c
[
1− c
R
(t− t′)
]
dt′ ,
(77)
where r is the projected radius and t′ = t−∆t is the time
at the emitting source, where ∆t = (R−√R2 − r2)/c is
the travel time of photons emitted from apparent radius
r to the plane tangent to the front of the sphere. The
luminosity is thus smeared over a timescale of ∼ R/c
and for t  R/c it is roughly constant and equal to
∼ Lbotboc/R. At R/c < t light travel time ceases to
affect the observed luminosity and L ∝ t−4/3 as in Eq
(29).
The observed spectrum is also affected by the different
arrival times of the emitted radiation. At t < tbo the
spectrum is dominated by radiation escaping from the
shock front, and the typical observed photon energy will
be Tbo. While tbo < t < R/c, the observed spectrum
will be a combination of radiation arriving from differ-
ent apparent radii, each with a different typical energy
T , and thus will not be a simple blackbody (or diluted
blackboody) spectrum. The observed spectrum receives
a simple form if the intrinsic temperature and luminosity
evolve as a power laws. This is a very good approxima-
tion for the luminosity, for which the logarithmic cor-
rection has no significant effect, but does not hold for
the temperature, as evident from Eq (55). Nevertheless,
the early temperature evolution, including the logarith-
mic correction, can be fit relatively well by a power law.
Taking L(t) = Lbo(t/tbo)
−4/3 and T (t) = Tbo(t/tbo)−α,
the spectrum broadens in time to form a power law:
Fν ∝ dL
dν
∝ ν 13α−1 . (78)
We will show in the next section that typically 1/(3α) >
0, so that νFν is an increasing function of ν. The
upper end of this spectrum corresponds to the initial
breakout temperature, Tobs(tbo), and the lowest observed
frequency corresponds to the non-delayed temperature,
Tobs(t). νFν is a slowly increasing function of ν, and
therefore no typical energy can be defined during this
stage. The observed spectrum will thus be broad band
until t = R/c.
8. APPLICATIONS TO VARIOUS PROGENITORS
In this section we apply our results to different progen-
itors: RSG, BSG and WR, and discuss the effect of the
planar logarithmic correction on the observed properties
of each progenitor.
The expressions derived in the previous sections for
Tcl, Tobs and L are functions of the progenitor density
structure and shock velocity, which depend on the pro-
genior peoperties E,M,R and κ, on the dimensionless
conctants C1 and C2 defined in Eq (4) and on the den-
sity power law index n. Throughout the paper we assume
a single power law density profile. This assumption may
not accurately describe the profile of a realistic progen-
itor in the entire radii range relevant for this analysis
(e.g., Morozova et al. 2016). However, the model is not
very sensitive to the exact power law index, but rather
depends more on the normalization of the profiles.
The constants C1 and C2 determine the normalization
of the envelope structure and velocity, when the density
is described by a polytrope. We use Matzner & Mc-
Kee (1999) to estimate these conatants, which depend
on whether the enveope is radiative of convective. For
each of the progenitors discussed here we provide the
apropriate values of C1 and C2.
We use the following notations to specify the progen-
12
itor properties: Mx = xM, Rx = xR, Ex = 10xerg
and κx = x cm
2g−1.
8.1. Red Supergiant
RSGs are the progeniors of most type-II explosions.
They have a typical radius of 500R and since their en-
velopes are hydrogen rich, their typical Thomson opacity
is ∼ 0.34 cm2g−1. The envelopes of RSGs are convective,
and therefore n = 3/2. If we assume that the RSG ejecta
is a polytrope all the way to the core, we find that C1 ∼ 1
and C2 ∼ 0.8. Since this is a rather simplified assump-
tion, we use instead equation 14 in Matzner & McKee
(1999) to estimate these constants, which now depend
on the detailed envelope structure. Taking typical values
for the total, ejecta and envelope mass of M∗ = 15M,
Mej = 13M and Menv = 10M, respectively, we find
C1 ∼ 0.5 and C2 ∼ 0.9. The values of C1 and C2 fit
well the numerical profiles of a progenitor with similar
properties, evolved using MESA (Paxton et al. 2011).
For the above typical RSG properties, the breakout
time according to Eq (16) is:
tRSGbo = 92 s M
0.21
15 R
2.16
500 E
−0.79
51 κ
−0.58
0.34 (79)
The breakout shell enters the spherical phase at:
ts = 7.2 hr M
0.44
15 R
1.26
500 E
−0.56
51 κ
−0.13
0.34 , (80)
according to Eq (31). During the planar phase, the lu-
minosity evolves according to Eq (29), whereas during
the transition from the planar to the spherical phase, we
estimate the luminosity using Eq (39):
LRSG(t) =
5.5× 1045 erg · s−1M−0.3715 R2.46500 E0.3051 κ−1.060.34
×[1 + log(t/92 s)]0.06
(
t
90 s
)−4/3
, tbo < t < ts
5.8× 1041 erg · s−1M−0.8315 R1.13500 E0.9051 κ−0.930.34
×
(
t
1hr
)−0.27
, ts < t < ttr
(81)
where ttr = 24 hr according to Eq (41) and the estimates
for tbo and ts obtained in Eq (79) and (80).
In Figure 3 we show the luminosity calculated in this
work (excluding the transition phase) with and without
the logarithmic correction, together with those of NS10
and Shussman et al. (2016) for n = 3/2 for the typical
RSG properties. Shussman et al. (2016) perform radia-
tive transfer calculations on a set of analytic progenitors
with a powerlaw density profile, and calibrate the nu-
merical factors of the analytic model using the simulated
results. The luminosity of NS10’s model is a factor of
∼ 2 higher than the luminosity calculated in this work,
while the numerically calibrated luminosity of Shussman
et al. (2016) is ∼ 1.6 times lower. The behaviour of
the luminosity during the spherical phase is different in
Shussman et al. (2016)’s model since they take into ac-
count the transition in the density profile in the inner
regions probed during the spherical phase. From Figure
3 it is evident that the logarithmic correction does not
play a role in shaping the observed luminosity, in agree-
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Figure 3. The intrinsic bolometric luminosity of an RSG with the
following parameters: M15 = 1, R500 = 1,E51 = 1 and κ0.34 = 1.
Our results are compared to previous analytic works that consider
a similar external density profile for the progenitor star. The break
in the light curve indictes the transition to the spherical phase. The
observed bolometric luminosity will be smeared on a time scale of
R/c ∼ 1200 s due to light travel time effects.
ment with Eq (29).
The behaviour of the temperature during the planar
phase depends upon whether the luminosity shell is in
thermal equilibrium at tbo, which is determined by equa-
tions (50) and (54). For an RSG using Eq (54), we find
the thermal coupling coefficient during the planar phase:
ηls(t) =1.3 M
−1.68
15 R
−0.40
500 E
2.03
51 κ
1.47
0.34
(
t
92 s
)−1/6
×
[1 + log(t/92 s)]−1.47 .
(82)
Hence, the luminosity shell is marginally in thermal equi-
librium at breakout time. In RSGs, Comptonization does
not play an important role in thermalizing the radia-
tion, since kTobs is not much higher than hνmin. In-
deed, we find that at breakout time ξls(tbo) ∼ 1 while
ηls(tbo) ∼ 1.3. This implies that ηls/ξls > 1 and initially,
the radiation is out of thermal equilibrium. However, as
the luminosity shell retreats into regions of higher den-
sity, the observed radiation becomes thermalized, and
Tobs quickly reaches TBB,ls. We denote this time as
teq. After reaching thermal equilibrium, the colour tem-
perature is determined in the shell where η = 1, i.e.,
Tobs = Tcl = TBB(η = 1), and TBB,ls > Tcl. At ts, the
SN enters into the transition phase, and the temperature
behaves as described in Section 6.2.2. At the end of the
transition phase, the envelope enters the spherical phase
and none of the observed properties are affected by the
planar phase logarithmic correction.
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We use equations (55), (58) and (71) to obtain:
TRSGobs =
5.3× 105 K M−3.3515 R−0.62500 E3.9851 κ2.640.34
(
t
100s
)−2/3
×[1 + log(t/92 s)]−2.64 , tbo < t < teq
4.1× 105 K M−0.2915 R0.11500 E0.3151 κ−0.030.34
(
t
100s
)−0.36
×[1 + log(t/92 s)]0.03 , teq < t < ts
1.8× 105 K M−0.1215 R0.42500 E0.0951 κ−0.120.34
(
t
1 hr
)−0.60
, ts < t < ttr
(83)
where the expression for tbo < t < teq is for the non-
thermal radiation. For the above progenitor properties,
the breakout shell itself (and therefore also the observed
radiation) is in thermal equilibrium at ts. The time tc is
not defined for this specific progenitor, since the colour
shell at ts is external to the breakout shell.
We plot the evolution of Tobs according to Eq (83) in
Figure 4, together with the observed temperature derived
without the logarithmic correction for comparison, and
the blackbody temperature of the luminosity shell.
We find that without the logarithmic correction, the
radiation remains out of thermal equilibrium for a few
minutes, but thermalizes while still in the planar phase.
From that point, Tobs < TBB,ls, since the radiation ther-
malizes in mcl < mls, where TBB is lower than that of
the luminosity shell. This result is only in mild contra-
diction with previous works (e.g., NS10) that predicted
that an RSG will be in thermal equilibrium at breakout
and throughout the planar phase, while considering a
constant luminosity shell. For the progenitor properties
cosidered, the radiation peaks in the near UV during the
planar phase.
During t < R/c ∼ 1200s, the observed spectrum is af-
fected by light travel time variations. Since the radiation
is in thermal equilibrium throughout most of this phase,
the effective power law that the temperature follows is
T ∝ t−0.36. Therefore, according to Eq (78) the observed
spectrum will follow Fν ∝ ν−0.07 below the peak of νFν
at Tobs(tbo).
For a less massive and more energetic progenitor of
e.g. M = 10M and E = 1.5 × 1051 erg, thermal cou-
pling becomes weaker and ηls(tbo) = 6, in accordance
with Eq (82). Without the logarithmic correction, the
radiation would have remained out of thermal equilib-
rium throughout all of the planar phase (see Figure 5).
However, with the logarithmic correction the radiation
reaches thermal equilibrium after ∼ 400 seconds. The
breakout and spherical times for these progenitor prop-
erties are:
tRSGbo = 60 s M
0.21
10 R
2.16
500 E
−0.79
51.2 κ
−0.58
0.34 (84)
and
ts = 4.8 hr M
0.44
10 R
1.26
500 E
−0.56
51.2 κ
−0.13
0.34 , (85)
Using equations (55), (64), (66) and (67), we find the
temperature evolution for this case:
TRSGobs =
1.9× 107 K M−3.3510 R−0.62500 E3.9851.2κ2.640.34
(
t
60s
)−2/3
×[1 + log(t/60 s)]−2.64 , tbo < t < teq
2.8× 105 K M−0.2910 R0.11500 E0.3151.2κ−0.030.34
(
t
10m
)−0.36
×[1 + log(t/60 s)]0.03 , teq < t < ts
3.3× 105 K M−0.0810 R0.73500 E0.0351.2κ−0.0934
(
t
1 hr
)−0.86
, ts < t < tc
5.2× 104 K M0.0510 R0.28500 E−0.1151.2 κ−0.310.34
(
t
10 hr
)−0.41
, tc < t < t2,d
5.4× 104 K M−0.1210 R0.42500 E0.0951.2κ−0.120.34
(
t
10 hr
)−0.60
, t2,d < t < ttr
(86)
where
tc = 7 hr M
−0.28
10 R
1.00
500 E
0.31
51.2κ
0.49
0.34, (87)
t2,d = 11 hr M
−0.95
10 R
0.79
500 E
1.10
51.2κ
1.05
0.34 , (88)
and ttr ∼ 16 hr. This temperature evolution is plotted
in Figure 5.
For these progenitor parameters, the radiation first
peaks in the X-ray range, but shifts to the UV during
the planar phase owing to the logarithmic correction.
A fit to the temperature at the early phases shows
that it decreases approximately as t−2.5 while it is out
of thermal equilibrium. As a result, while the observed
spectrum is affected by light travel time varitions (at
t < R/c), it will follow Fν ∝ ν−0.87.
8.2. Blue Supergiant
Explosions of BSGs also produce type-II SNe (e.g.,
SN1987A), and are therefore hydrogen rich with κ = 0.34
cm2 g−1. Their typical radius is R ∼ 50R and have a
mass similar to an RSG of M ∼ 15M. However, their
envelopes are radiative and therefore n = 3. For radiative
envelopes we find C1 ∼ 0.35 and C2 ∼ 0.97. These val-
ues agree with the BSG pre-explosion density profiles and
the post explosion velocity profiles in Dessart & Hillier
(2018). We use these values to describe a typical BSG.
The breakout time of a BSG is significantly shorter
compared to an RSG, since the material is ejected at
higher velocities due to the smaller radius and steeper
density profile:
tBSGbo = 7.5 s M
0.27
15 R
1.92
50 E
−0.73
51 κ
−0.46
0.34 . (89)
For the assumed BSG properties, the planar phase of the
breakout shell ends at:
tBSGs = 15 m M
0.42
15 R
1.33
50 E
−0.58
51 κ
−0.17
0.34 , (90)
and therefore the planar phase evolution of a BSG is not
likely to be observed, as the cadence of current surveys
is days to hours. The luminosity of a typical BSG in
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Figure 4. Solid black line: the observed temperature of an RSG with M15 = 1, R500 = 1, E51 = 1 and κ0.34 = 1. The dash-dotted
blue line is the blackbody temperature of the luminosity shell, and the dashed red line is the observed temperature that would haved been
obtained without the logarithmic correction to the luminosity shell. In this plot we show the typical radiation temperature in the progenitor
frame (not taking into account light travel time effects). Initially, the radiation is out of thermal equilibrium, as Tobs > TBB. Due to the
increase of mls, the radiation quickly reaches thermal equilibrium at t = teq, while the uncorrected Tobs remains out of thermal equilibrium
for a few more minutes before reaching thermalization. While t < R/c ∼ 1200 s, light travel time variations create a broad band spectrum
that follows Fν ∝ ν−0.07, such that no typical temperature can be defined during that period in the observer frame. At teq < t < ts the
observed temperature is determined in the shell where η = 1. The luminosity enters the transition phase at ts and decreases gradually (see
text for details). At t = ttr the transition phase ends, and the observed temperature is no longer affected by the logarithmic correction.
the planar and the transition phases is obtained using
equations (29) and (39):
LBSG(t) =
7.7× 1044 erg · s−1M−0.3315 R2.3150 E0.3451 κ−0.990.34 ×
[1 + log(t/7 s)]−0.01
(
t
10 s
)−4/3
, t < ts
1.8× 1041 erg · s−1M−0.7415 R0.9750 E0.9251 κ−0.820.34 ×(
t
1hr
)−0.33
, ts < t < ttr
(91)
where ttr = 47 m. In Figure 6 we plot the luminosity
derived in this work along with that obtained by NS10.
The result of NS10 is ∼ 3 higher than what we obtain in
Eq (91). Radiation from a BSG will be much fainter than
that of an RSG (Eq 81). The low luminosity is expected
for compact progenitors that lose most of their energy to
adiabatic expansion, and is expressed by the high power
of R in Eq (91). A good example is SN1987A, whose light
curve is powered mostly by 56Ni, and has only a small
and early contribution from shock cooling radiation (e.g.,
Woosley et al. 1988).
A BSG in the planar phase will initially be out of ther-
mal equilibrium with the following value of ηls:
ηBSGls (t) = 70 M
−1.59
15 R
−0.77
50 E
2.12
51 κ
1.66
0.34
(
t
7 s
)−1/6
× [1 + log(t/7 s)]−1.66 .
(92)
Nevertheless, in the case of BSG explosions, upscattering
of lower energy photons by Compton interactions is im-
portant due to the high gas temperature, and therefore
contributes greatly to thermalization. At breakout, we
find that ξls ∼ 3, such that ηls/ξls ∼ 20 and the observed
radiation is still out of thermal equilibrium. The depen-
dence of Tobs on time differs from a power law, since ξls
depends logarithmically on Tobs, which itself decreases
non-negligibly. We find that at the end of the planar
phase, ηls ∼ 1.7 and ξls ∼ 1, and the radiation is almost
in thermal equilibrium.
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Figure 5. Same as Figure 4 for an RSG with M10 = 1, R500 = 1, E51 = 1.5 and κ0.34 = 1. In this case, the spectrum in the observer
frame at t < R/c ∼ 1200 s will follow Fν ∝ ν−0.87, where the peak of νFν is at Tobs(tbo).
We use equations (55), (64), (66) and (67) to obtain:
TBSGobs (ηls > 1) =
2× 108 K M−3.0215 R−1.3850 E4.1851 κ3.020.34
(
ξls
2.6
)−2
×[1 + log(t/7 s)]−3.02
(
t
10 s
)−2/3
, tbo < t < ts
9.8× 105 K M−3.0815 R−1.1650 E4.0851 κ3.00.34
(
t
10 m
)−0.83
, ts < t < ttr
6.5× 104 K M−1.1615 R5.050 E1.3951 κ2.230.34
(
t
1 hr
)−5.46
, ttr < t < t1
8.3× 104 K M0.0515 R0.2450 E−0.1151 κ−0.310.34
(
t
1 hr
)−0.40
t1 < t < t2
(93)
where
t1 = 57 m M
−0.24
15 R
0.94
50 E
0.29
51 κ
0.50
0.34 (94)
and
t2 = 2.9 hr M
−0.77
15 R
0.62
50 E
1.00
51 κ
1.03
0.34 . (95)
At ttr < t, ξls ∼ 1 and Comptonization no longer affects
the observed temperature. In Figure 7 we plot the tem-
perature evolution represented in Eq (93). We also over-
plot the blackbody temperature of the luminosity shell
and the observed temperature that would have been ob-
tained without the logarithmic correction found in this
work. The drop in the observed temperature during the
planar phase is significant compared to the uncorrected
temperature, and at ts, Tobs is an order of magnitude
lower than the temperature calculated without the loga-
rithmic correction. As a result, the decrease in tempera-
ture towards thermal equilibrium in the end of the planar
phase is much more gradual than previously thought.
One can notice that the corrected and uncorrected evo-
lution become identical at ttr . t, once the luminosity
shell reaches mpl, since the observed radiation now orig-
inates in the same shell.
Without the logarithmic correction, the typical en-
ergy of the BSG radiation would have exceeded 10 KeV
throughout the planar phase, emitting most of the en-
ergy in hard X-rays. Nevetheless, the fast decrease in
Tobs brings the typical energy to the extreme UV (∼ 100
eV) at the end of the planar phase. Comparing our re-
sults to works that do not assume thermal equilibrium
(e.g., Ensman & Burrows 1992 and NS10), we find higher
observed temperatures that exceed their results by about
an order of magnitude. The discrepancy of our results
compared to those of NS10 originate mainly from the dif-
ference in the normalization of ηls, and from the weaker
role of Comptonization imposed by the higher value of
hνmin, which causes our values of ξls to be much lower,
and result in higher temperatures.
For this BSG progenitor, R/c ∼ 120s. With an ef-
fective power law temperaure evolution of T ∝ t−1.2 at
t < R/c, light travel time variations will create a spec-
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Figure 6. The intrinsic bolometric luminosity of a BSG with the
parameters M15 = 1, R50 = 1,E51 = 1 and κ0.34 = 1. The
observed bolometric luminosity will be smeared on a time scale of
R/c ∼ 120 s due to light travel time effects.
trum of Fν ∝ ν−0.52 during the first ∼ 2 minutes.
8.3. Wolf-Rayet
WR stars are believed to be the progenitors of Ibc SNe.
They have lost all of their H envelope (and some of their
He) prior to the explosion, and therefore have an electron
scattering opacity of ∼ 0.2 cm2 g−1. We use the following
properties to describe a typical WR star: M = 15M,
R = 5R and E = 1051 erg. These objects also have
radiative envelopes for which n = 3, and therefore C1 =
0.35 and C2 = 0.97 if the whole envelope is a single
polytrope.. For these typical parameters, the breakout
time of a WR star would be:
tWRbo = 0.12 s M
0.27
15 R
1.92
5 E
−0.73
51 κ
−0.46
0.2 (96)
and the planar phase ends at:
tWRs = 45 s M
0.42
15 R
1.33
5 E
−0.58
51 κ
−0.17
0.2 , (97)
which, similarly to a BSG, means that the planar phase
evolution of a WR explosion currently cannot be resolved
in observations. The luminosity of a typical BSG in the
planar and the transition phases is found using equations
(29) and (39):
LWR(t) =
2.5× 1045 erg · s−1M−0.3315 R2.315 E0.3451 κ−0.990.2 ×
[1 + log(t/0.1 s)]−0.01
(
t
0.1s
)−4/3
, t < ts
1.1× 1041 erg · s−1M−0.7415 R0.975 E0.9251 κ−0.820.2 ×(
t
1m
)−0.33
, ts < t < ttr
(98)
where ttr = 2.7 minutes. The small radius of a WR star
leads to very high velocities at breakout (almost ∼ 105
km s−1) resulting in very high temperaures, which makes
it hard for the radiation to thermalize. Accordingly, the
value of ηls is very high:
ηWRls (t) =343 M
−1.59
15 R
−0.77
5 E
2.12
51 κ
1.66
0.2
( t
0.1 s
)−1/6
× [1 + log(t/0.1 s)]−1.66 ,
(99)
while ξls(tbo) ∼ 12. This means that ηls/ξls ∼ 30, and the
radiation is out of thermal equilibrium at breakout. As
in the case of BSG explosions, also in WR explosions the
radiation remains out of thermal equilibrium throughout
the planar phase where ηls/ξls ∼ 5 at ts.
The observed temperature of the non thermal radiation
from a WR explosion, according to equations (55), (66)
and (67) is:
TWRobs (ηls > 1) =
2.0× 109 K M−3.0215 R−1.385 E4.1851 κ3.020.2
×
(
ξls
12
)−2(
t
0.1s
)−2/3
[1 + log(t/0.1 s)]−3.02
, tbo < t < ts
1.1× 107 K M−3.0815 R−1.165 E4.0851 κ3.00.2
(
t
1m
)−0.83
, ts < t < ttr
2.5× 106 K M−1.1615 R5.05 E1.3951 κ2.230.2
(
t
3m
)−5.46
, ttr < t < t1
1.5× 105 K M0.0515 R0.245 E−0.1151 κ−0.310.2
(
t
5m
)−0.40
t1 < t < t2
(100)
where
t1 = 5 m M
−0.24
15 R
0.94
5 E
0.29
51 κ
0.50
0.2 (101)
and
t2 = 24 m M
−0.77
15 R
0.62
5 E
1.00
51 κ
1.03
0.2 . (102)
We plot this temperature evolution in Figure 8.
The breakout temperature of a WR explosion derived
using our model exceeds the energy in which pair pro-
duction starts regulating the temperature (∼ 50 keV)
and our treatment for the temperature evolution might
therefore not be valid in the very early stages of a WR
SN. By the end of the planar phase, the typical energy
will have reached ∼ 1keV, which lies in the soft X-ray
range.
X-rays were associated with the early detecion of the
Ib/c SN2008D (Soderberg et al. 2008), which was discov-
ered during breakout in NGC 2270. However, it is not
clear whether the X-ray transient originated in the shock
breakout (Soderberg et al. 2008; Chevalier & Fransson
2008) or whether its source was a mildly relativistic jet
that penetrated through the envelope of the star (e.g.,
Mazzali et al. 2008b; Xu et al. 2008).
An effective power law fit to the temperature at early
times gives T ∝ t−0.72. Therefore the spectrum at t <
R/c ∼ 12s will follow Fν ∝ ν−0.52.
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Figure 7. Aame as Figure 4 for a BSG with the parameters M15 = 1, R50 = 1, E51 = 1 and κ0.34 = 1. Both the corrected and uncorrected
Tobs remain out of thermal equilibrium throughout the planar phase, but the logarithmic correction causes the observed temperature to
decrease significantly during that time, shifting the observed radiation to peak in the UV at ts, instead of in the X-rays. Light travel time
variations create a broad band sectrum in the observer frame at t < R/c ∼ 120 s, which follows Fν ∝ ν−0.72. The radiation enters the
transition phase at ts, where the luminosity shell probes the external diffusive energy profile. At ttr, the luminosity shell reaches mpl and
the evolution becomes identical to that of the uncorrected temperature. From that point, Tobs falls quickly into thermal equilibrium at t1.
Due to the faster evolution during the planar phase, the drop in Tobs between ts and t1 is much less dramatic than that obtained without
the logarithmic correction.
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Figure 8. Same as Figure 4 for a WR progenitor with M15 = 1,
R5 = 1, E51 = 1 and κ0.2 = 1. The power law values are the same
as in Figure 7. At the end of the planar phase, the radiation peaks
in the soft X-rays, instead of in the hard X-ray as would have been
expected from the uncorrected temperature. At t < R/c ∼ 12 s,
light travel time variations create a broad band spectrum in the
observer frame, which follows Fν ∝ ν−0.52.
9. SUMMARY
We derive a self-similar solution for the energy inside a
SN envelope when the envelope is fully ionized (T > 1eV)
and the SN is in the planar phase (t < R/v). We rely
on the exact density and energy profiles of the envelope
after shock passage, that serve as initial conditions to the
subsequent expansion phase (S60). Our solution is ap-
plied to various types of progenitors, and for each we use
the appropriate normalization of the density and velocity
profiles. Our results for the luminosity and the observed
temperature are therefore more accurate than previous
analytic solutions that use order of magnitude normaliza-
tions. Using a self-similar solution, we find a logarithmic
correction to the radiation diffusion in the planar phase,
whose strongest effect is on the observed temperature of
the SN. We list here our main conclusions:
1. Since the time doubles itself many times during
the planar phase, photons from more internal shells
relative to the breakout shell are able to diffuse out
through the envelope. The luminosity shell is thus
not constant as previously thought, but penetrates
farther into the star logarithmically with time. It
therefore no longer satisfies τ = c/v. The observed
radiation now originates in shells that satisfy t <
tdiff. By the end of the planar phase, the mass of
the luminosity shell will have increased by a factor
of ∼ 10 relative to the breakout shell.
2. The logarithmic correction to mls highly affects the
observed radiation if the luminosity shell is out
of thermal euquilibrium during the planar phase.
This is more often the situation in compact pro-
genitors with a steep density profile such as BSG
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and WR stars, where the velocities of the ejecta
are very high, and the radiation does not manage
to thermalize. The logarithmic correction to the lu-
minosity shell causes the radiation to originate in
much denser regions, roughly 10 times denser than
without the corection. This increases the photon
production rate by free-free emission by a factor
of ∼ 102 and drives the radiation more quickly to-
wards thermal equilibrium.
3. As the luminosity shell recedes into the envelope,
the thermal coupling increases with time, causing
the observed temperature to decrease more than
adiabatically (when the radiation is nonthermal).
We reach similar conclusions to previous works,
that found the emission from BSG and WR ex-
plosions to be non thermal. However, we also show
that the typical photon energy is expected to de-
crease much faster than previously thought, due to
the logarithmic correction, which would otherwise
cool only adiabatically. The radiation peak is thus
directed towards lower frequencies; a BSG explo-
sion will first peak in the X-rays, but the radiation
will reach the soft far UV after ∼ 10 minutes. A
WR star is expected to initially radiate in the hard
X-ray to gamma ray regime, and to cool down to
the soft X-ray by the end of the planar phase. How-
ever, if the model described in this paper yields
typical energies that exceed ∼ 50 KeV, the calcu-
lation is no longer valid since the temperature is
now regulated by pair production.
4. Using our accurate self-similar solutions, we find
that the radiation from an RSG explosion is ex-
pected to be mildly out of thermal equilibrium at
breakout, but quickly reach thermalization owing
to the logarithmic increase of the luminosity shell.
Nevertheless, due to light travel time variations,
the observed spectrum will not be that of a black-
body until t ∼ R/c. Previous works predicted that
the radiation from an RSG explosion will be in
thermal equilibrium at breakout and throughout
the planar phase, despite the fact that these mod-
els assumed a constant luminosity shell mass.
5. Due to the weak dependence of the luminosity on
the Lagrangian mass coordinate m, the logarith-
mic correction is not expected to have an observed
effect on the bolometric luminosity. Owing to that
same reason, when the radiation is in thermal equi-
librium, the temperature will also not be affected
by the logarithmic correction.
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APPENDIX
A. APPENDIX A: THE PROPERTIES OF THE BREAKOUT SHELL
vbo
1 =

7.1× 103 km s−1M−0.4415 R−0.26500 E0.5651 κ0.130.34(RSG)
2.3× 104 km s−1M−0.4215 R−0.3350 E0.5851 κ0.170.34, (BSG)
4.6× 104 km s−1M−0.4215 R−0.335 E0.5851 κ0.170.34, (WR)
(A1a)
ρbo =

1.2× 10−9 g cm−3M0.8715 R0.51500 E−1.1351 κ−1.260.34 (RSG)
1.6× 10−10 g cm−3M0.8315 R0.6650 E−1.1751 κ−1.330.34 , (BSG)
4.5× 10−10 g cm−3M0.8315 R0.665 E−1.1751 κ−1.330.34 , (WR)
(A1b)
ubo =

1.6× 1017 erg g−1M−0.8015 R0.21500 E0.8751 κ0.060.34, (RSG)
1.2× 1018 erg g−1M−0.7415 R−0.0350 E0.9251 κ0.180.34, (BSG)
4.5× 1019 erg g−1M−0.7415 R−0.035 E0.9251 κ0.180.34, (WR)
(A1c)
d0,bo =

6.5× 1010 cm M−0.2315 R1.90500 E−0.2351 κ−0.450.34 , (RSG)
1.7× 1010 cm M−0.1515 R1.5850 E−0.1551 κ−0.290.34 , (BSG)
5.3× 108 cm M−0.1515 R1.585 E−0.1551 κ−0.290.34 , (WR) .
(A1d)
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mbo =

2.5× 1029 g M0.4415 R2.26500 E−0.5651 κ−1.130.34 , (RSG)
8.7× 1026 g M0.4215 R2.3350 E−0.5851 κ−1.170.34 , (BSG)
7.5× 1024 g M0.4215 R2.335 E−0.5851 κ−1.170.34 , (WR) .
(A1e)
B. APPENDIX B: GLOSSARY OF MAIN SYMBOLS AND NOTATIONS
1. t: time
2. r: radius
3. v: velocity
4. m: integrated mass measured from the stellar radius inwards.
5. ρ: density
6. d: shell width
7. x: the distance from the fixed position of the stellar edge at t = 0. This is also the width of a shell during the
planar phase evolution.
8. u: energy per unit mass
9. R∗: progenitor radius
10. R∗: stellar radius
11. M : progenitor mass
12. E: explosion energy
13. P : pressure
14. L: observed luminosity
15. Tobs: observed temperature. Defined as the typical photon energy.
16. κ: opacity
17. τ : optical depth
18. TBB: blackbody temperature, thermal equilibrium temperature for a given energy density. Defined by Eq (43).
19. Breakout shell: the shell from which the shock breaks out. Satisfies τ = c/v during the planar phase.
20. Luminosity shell: the shell that is the source of the observed luminosity.
21. Colour shell: the shell where the observed temperature is determined. Coincides with the shell satisfying η = 1
when the radiation is in thermal equilibrium and with the luminosity shell when the radiation is out of thermal
equilibrium.
22. For any quantity x, we use the following subscripts:
xbo: value at the breakout shell at breakout.
xls: value at the luminosity shell.
xcl: value at the colour shell.
23. mbo: the mass of the breakout shell.
24. mpl: the mass of the luminosity shell at the end of the planar phase (at t = ts).
25. tbo: time of breakout
26. tdiff: diffustion time
1 Normalized to the breakout velocity before acceleration.
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27. ts: time of breakout shell transition to the spherical phase
28. tspherical(m): the time a shell of mass m enters the spherical phase. Defined in Eq (31).
29. teq: the time when the radiation reaches thermal equilibrium during the planar phase, in case it was out of
thermal equilibrium at breakout.
30. ttr: time when the transition phase ends.
31. tc: the first time the shell that satisfies τ = c/v during the transition phase reaches a shell in which the radiation
is in thermal equilibrium. Thermal equilibrium in that shell was achieved by photons produced at the end of the
planar phase.
32. t2,d: the first time the shell that satisfies τ = c/v coincides with the shell satisfying η = 1 during the transition
phase.
33. t1: the first time in which the observed radiation is in thermal equilibrium, in case it was not in thermal
equilibrium at the end of the transition phase. Thermal equilibrium was achieved by photons produced at an
earlier time.
34. t2: the first time in which the radiation is in thermal equilibrium achieved by photons produced at t2, in case it
was not in thermal equilibrium at the end of the transition phase.
35. η: thermal coupling coefficient. Defined in Eq (44).
36. ξ: logarithmic Comptonization factor. Defined in Eq (50).
37. n: power law index describing the pre-explosion stellar density profile. n is related to the adiabatic index γ by
γ = 1 + 1/n.
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